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We investigate a long time asymptotic state of periodically driven open quantum systems ana-
lytically. The model we consider in this paper is a free fermionic system coupled to an energy and
particle reservoir. We clarify some generic properties of the system which are independent of the
details of the reservoir in the high frequency regime of the external driving. When the frequency
of the external driving is much larger than the energy cutoff of the system-reservoir coupling, the
low-energy properties of the system are equivalent to those of the Gibbs distribution of a Floquet
effective Hamiltonian. Furthermore, we investigate the effect of finite dissipation on the system, and
elucidate that we cannot suppress excitations by merely increasing the system-reservoir coupling be-
cause the excitations are created through the reservoir by the external driving when the frequency
is smaller than the energy cutoff of the system-reservoir coupling.
I. INTRODUCTION
Fast oscillating external drivings have become an im-
portant tool to manipulate quantum phases of mat-
ter. By irradiating intense laser lights to solid state
systems1–3 or shaking optical lattices in ultracold atomic
systems4–9 we can realize novel properties of matter
which the system does not have before applying exter-
nal drivings, and these phenomena have been observed
experimentally.
Among various intriguing topics, long time dynam-
ics of periodically driven quantum systems has attracted
particular attention in condensed matter physics. The-
oretical treatments of periodically driven systems rely
on the Floquet theory which ensures that the long
time dynamics can be described by the static effective
Hamiltonian10,11. However, this fact does not necessar-
ily lead to the equivalence between the properties of the
long time asymptotic state and the thermodynamic prop-
erties of the effective Hamiltonian. Recently, the essen-
tial feature of periodically driven isolated systems has
been revealed12–25; it has been shown that while inte-
grable systems can be described by the time-periodic
generalized Gibbs state12, nonintegrable systems heat
up and show infinite temperature behaviors after a long
time13–15. Further studies have also shown that the en-
ergy absorption rate is exponentially small in the high
frequency regime of the external driving16–19.
In spite of these intensive studies, there still remain
fundamental problems in periodically driven quantum
systems. In particular, open quantum systems in which
the system under consideration is coupled to a thermal
bath have been investigated extensively26–38. However,
general properties common to periodically driven open
systems have not been understood well. Without exter-
nal driving, the detailed balance condition ensures that
the asymptotic state of the system can be described by
the Gibbs state. On the other hand, when the external
time periodic driving is applied, the detailed balance con-
dition is not fulfilled, and therefore the asymptotic state
cannot be described by the Gibbs distribution of the ef-
fective Hamiltonian (Floquet Gibbs state) and depends
on the details of the reservoir in general. It has been
shown that if certain special conditions are satisfied, the
detailed balance condition is fulfilled and therefore the
long time asymptotic state of periodically driven open
quantum systems can be described by the Floquet Gibbs
state33,35,36. However, these conditions require fine tun-
ing of the system-reservoir coupling, and cannot be ap-
plied for generic cases. In addition, these studies have
treated the weak system-reservoir coupling limit, and
thus the effect of finite dissipation has not been taken
into account. Recent study by Shirai et al.39 has shown
numerically that the conditions obtained in the paper35
can be relaxed, but their analysis still requires another
fine tuning for external field. Therefore it is desirable to
understand general properties expected for periodically
driven open quantum systems, which are not specific to
the special models.
In this paper, we explore some generic properties of the
periodically driven open free fermionic systems, which
are independent of the details of the reservoir, and also
clarify the effect of finite dissipation. Our results re-
veal that low-energy properties of long time asymptotic
states are generally described by those of the Floquet
Gibbs state if the frequency of the external driving is
much larger than the energy cutoff of the system-reservoir
coupling. We also find that excitations cannot be sup-
pressed by simply rendering the system-reservoir cou-
pling stronger. These facts demonstrate that in order
to obtain the equilibrium properties of a Floquet effec-
tive Hamiltonian in open quantum systems, we need high
frequency external drivings whose frequency exceeds the
energy cutoff of the system-reservoir coupling.
In the next section, we show the model considered in
this paper and derive the equation of motion of the sys-
tem. We investigate the long time asymptotic state of
the system in the weak system-reservoir coupling limit
in Sec. III, then we discuss the effect of finite system-
reservoir coupling in Sec. IV. A summary of our results
is presented in Sec. V.
2II. SETUP
Let us start with a setup of our system. The total
Hamiltonian is given by
Htot(t) = HS(t) +HR +HI , (1)
where HS(t) and HR are the Hamiltonian of the sys-
tem and the reservoir, and HI represents the inter-
action between them. The Hamiltonian of the sys-
tem is bilinear HS(t) =
∑
α,βHαβ(t)a
†
αaβ , where aα
is an annihilation operator of a fermion in the system.
The time dependent matrix Hαβ(t) has a period of τ :
Hαβ(t + τ) = Hαβ(t) and the degree of freedom of the
system is finite. We take the reservoir as a fermionic
bath HR =
∑
k ǫkA
†
kAk, and consider the continuum
limit
∑
k
2π
L F (ǫk) =
∫∞
−∞ dǫD(ǫ)F (ǫ), where D(ǫ) is the
density of states of the reservoir and F (ǫ) is an arbi-
trary function. The initial state of the reservoir is the
equilibrium state with the temperature T and the chem-
ical potential µ, that is, 〈A†kAk〉 = fT (ǫk − µ), where
fT (ω) = 1/(e
ω/T + 1) is the Fermi distribution function.
Without loss of generality, the chemical potential µ can
be taken as zero. The system-reservoir coupling, which
controls the exchange of particles as well as energy, is as-
sumed to be bilinear HI =
∑
k,α(λk,αA
†
kaα + h.c.)/
√
L.
The Heisenberg equation of the total system reads
i
d
dt
Ak(t) = ǫkAk(t) +
∑
α
λk,α√
L
aα(t) (2)
i
d
dt
aα(t) =
∑
β
Hαβ(t)aβ(t) +
∑
k
λ∗k,α√
L
Ak(t). (3)
Integrating eq. (2) and substituting into eq. (3), we have
a closed form of the equation of motion for the system:
i
d
dt
aα(t) =
∑
β
Hαβ(t)aβ(t)
− i
∑
β
∫ t
0
dt′Γαβ(t′)aβ(t− t′) + iξα(t),
(4)
where Γαβ(t) =
∑
k
λ∗k,αλk,β
L e
−iǫkt =
∫
Γ˜αβ(ω)e
−iωtdω
and ξα(t) = −i
∑
k
λ∗k,α√
L
e−iǫktAk. In addition to the uni-
tary time evolution by the Hamiltonian Hαβ(t), eq. (4)
contains the dissipation term Γαβ(t) and the noise term
ξα(t).
III. RESULTS FOR WEAK
SYSTEM-RESERVOIR COUPLING LIMIT
A. Derivation of long time asymptotic states in the
weak system-reservoir coupling limit
From now on, we write the time periodic matrixHαβ(t)
as [H(t)]αβ . We here make use of Floquet theorem to
treat the time dependence in eq. (4). Floquet theorem
ensures the existence of a time periodic unitary trans-
formation Wαβ(t) = Wαβ(t + τ) which eliminates the
periodic time dependence of the Hamiltonian Hαβ(t):
Heff =W †(t)H(t)W (t) −W †(t)i d
dt
W (t). (5)
Diagonalize the effective Hamiltonian Heff by a unitary
transformation V and define an annihilation operator of
the Floquet state, cα(t) =
∑
β U
†
αβ(t)aβ(t), where U(t) =
W (t)V . Then the equation of motion of the Floquet state
follows from eq. (4),
i
d
dt
cα(t) = ǫαcα(t) + iηα(t)
− i
∑
β
∑
n,m∈Z
e−i(n−m)Ωt
∫ t
0
dt′Γnmαβ (t
′)e−imΩt
′
cβ(t− t′),
(6)
where ηα(t) =
∑
β U
†
αβ(t)ξβ(t), Ω = 2π/τ and Γ
nm
αβ (t) =
[U (n)†Γ(t)U (m)]αβ . ǫα is an eigenvalue of the effective
Hamiltonian Heff and U (n) =
∫ τ
0
U(t)einΩtdt/τ .
Let us now consider eq. (6) in the weak coupling
limit of the system-reservoir coupling (van Hove limit40),
as done in many of the previous papers33,35,36. In this
limit, the time evolution of the system of interest follows
the Markovian quantum master equation. Here, we as-
sume the conditions of nondegeneracy and nonresonance
(ǫα − ǫβ + nΩ = 0 ⇔ α = β, n = 0). Then define the
dissipation rate by γ :=
∫∞
0 Γ(t)dt and take the limit
of limγt→∞ limγ/(ǫα−ǫβ+nΩ)→0, that is, take the weak
system-reservoir coupling limit γ/(ǫα − ǫβ + nΩ) → 0
(α 6= β) first, then take the long time limit γt → ∞. In
this limit, only the diagonal part of the dissipation term
Γnmαβ (t) (α = β, n = m) contributes to the results and eq.
(6) can be solved as
cα(t) =
∑
k,β
∑
n∈Z
1√
L
U
(n)†
αβ (λk,β)
∗e−i(ǫk−nΩ)t
ǫk − ǫ(n)α + iΓ′α(nΩ− ǫk)
Ak, (7)
where Γ′α(ω) =
∑
n∈Z
∫∞
0 dtΓ
nn
αα(t)e
i(ω−nΩ)t and ǫ(n)α =
ǫα + nΩ. Consequently, we end up with the simple ex-
pression for the occupation number of the Floquet state,
〈c†α(t)cα(t)〉 =
∑
n∈Z Γ
n
αfT (ǫα + nΩ)∑
n∈Z Γ
n
α
, (8)
where Γnα = [U
(n)†Γ˜(ǫ(n)α )U (n)]αα (for the details of the
calculation, see the Appendix A). The occupation num-
ber of the Floquet state is time independent. The sim-
ilar expression can be obtained for the time correlation
functions. We can easily extend this formula to the mul-
tiple reservoirs cases, and in the two reservoirs case, our
result is reduced to the one obtained by Iadecola and
Chamon33.
Obviously, eq. (8) is different from the occupation
number obtained for the Floquet Gibbs state in general.
3The expression (8) allows us to regard the driven sys-
tem as a sum of infinite number of bands41 which are
shifted by nΩ because there is a sum of the Fermi distri-
bution functions in the numerator and each Fermi distri-
bution function is shifted by nΩ in eq. (8). We call
the shifted band as the nth sideband. The contribu-
tion from the nth sideband to the occupation number
is determined by the weight wnα = Γ
n
α/
∑
m∈Z Γ
m
α . This
expression is invariant under the gauge transformation
G(t) = exp[iNΩt], Nαβ = nαδαβ (nα ∈ Z) which trans-
forms ǫα and Γ
n
α into ǫα + nαΩ and Γ
n+nα
α .
We here examine, in the light of eq. (8), what is
meant by the previously proposed special conditions for
the emergence of the Floquet Gibbs state33,35,36. If those
conditions are applied for our results, only the 0th band
contributes to the occupation number, that is, wnα = 0
for n 6= 0, and thereby the system is indeed described by
the Floquet Gibbs state rigorously 〈c†α(t)cα(t)〉 = fT (ǫα).
This means that the 0th band describes the Floquet
Gibbs state while the other sidebands describe the de-
viation from the Floquet Gibbs state. When we can ap-
ply the Magnus expansion42,43 to obtain the quasi-energy
spectrum, U (n) = O((A/Ω)n), the deviation from the
Floquet Gibbs state is O((A/Ω)2), where A is the am-
plitude of the external driving. In our expression the
conditions for the emergence of the Floquet Gibbs state
can be written as [U (n)†Γ˜(ω)U (n)]αα = 0 for n 6= 0.
B. Generic properties of the system in the high
frequency regime of the external field
We are now ready to extract general properties of the
long time asymptotic state from eq. (8) in the high fre-
quency regime. We show below that the low-energy prop-
erties are equivalent to those of the Floquet Gibbs state
if the frequency of the external driving is much larger
than the energy cutoff of the system-reservoir coupling
ωc. The low-energy means the energy shell of |ǫ| < ωc be-
cause the system is coupled to a reservoir whose chemical
potential is taken as zero. In other words, the chemical
potential plays a role as the origin of the energy. Then,
we take the quasi-energy spectrum as −Ω/2 ≤ ǫα < Ω/2,
and these definitions, we obtain the result mentioned
above.
We introduce the energy cutoff of the system-reservoir
coupling ωc (or equivalently energy cutoff of the reser-
voir) such that |Γ˜(E)|/|Γ˜(ǫ)| = O(ωc/E), where |ǫ| < ωc
and |E| ≫ ωc. This means that the coupling between the
system and the states with energy ω in the reservoir is cut
off by ωc smoothly because Γ˜(ω) determines the coupling
strength between the system and the states with energy
ω in the reservoir. We consider the case where the fre-
quency of the external driving is much larger than the
energy cutoff of the system-reservoir coupling Ω ≫ ωc.
We then classify the Floquet states into two regions; (i)
states with |ǫα| < ωc, (ii) the other states, i.e. states with
|ǫα| ≥ ωc. In this case, if U (0) & U (n6=0) is satisfied, the
occupation number of the Floquet states in the region (i)
is written as
〈c†α(t)cα(t)〉 = fT (ǫα) +O(ωc/Ω). (9)
This is because the contribution from the nth side-
band is written as Γnα = [U
(n)†Γ(ǫα + nΩ)U (n)]αα and
|Γ(ǫα)|/Γ(ǫα + nΩ)| = O(ωc/Ω). When we can ap-
ply Magnus expansion to obtain the quasi-energy spec-
trum, U (n) is obtained as U (n) = O((A/Ω)n0+n) +
O((∆/Ω)n0+n), where A is the amplitude of the external
field and ∆ is the band width of the system. If the energy
spectrum of the system without the external field lies in
the range from (N − 1/2)Ω to (N +1/2)Ω, we have n0 =
N . Therefore, if the chemical potential of the reservoir
lies in the energy spectrum of the system, U (0) & U (n6=0)
is satisfied and the occupation number of the Floquet
states in the region (i) is written as eq. (9). We can
show similar results for the case where we need a time
periodic unitary transformation in order to apply Magnus
expansion. This case includes the resonant driving cases
and the A & Ω cases such as the system for which the
dynamical localization occurs. In this case, U(t) is writ-
ten by the product of two time periodic unitary transfor-
mations U(t) = V (t)W (t). V (t) transforms the original
time periodic Hamiltonian into the form to which the
Magnus expansion is applicable. In the resonant driving
cases, V (t) eliminates the resonance and in the dynami-
cal localization case, V (t) = exp[−i ∫ t0 Hext(τ)dτ ]. After
applying this unitary transformation V (t), we can apply
Magnus expansion, and thereby W (n) = O((∆/Ω)n) and
U (n) = V (n) + O(∆/Ω), where ∆ is bandwidth of the
system after applying the time-periodic unitary trans-
formation V (t). Therefore, if |V (0)| & |V (n6=0)| (this is
satisfied in the resonant driving cases and the dynamical
localization case) is satisfied, the Floquet states in the
region (i) is written by eq. (9). Above discussion does
not depend on the details of the reservoir. However, the
occupation number of states in the region (ii) depends on
the details of the reservoir in general and we cannot ex-
tract the properties which are independent of the details
of the reservoir.
From these observations, we come to the conclusion
that the occupation number of states in the region (i)
which controls the low-energy properties of the system is
given by that of the Floquet Gibbs state when the fre-
quency of the external driving is much larger than the
energy cutoff of the system-reservoir coupling. The same
thing can be also proven for the time correlation func-
tions. Therefore, in order to obtain the low-energy prop-
erties of the Floquet Gibbs state, we merely need high
frequency external drivings so that the frequency exceeds
the energy cutoff of the system-reservoir coupling. Fine
tuning of the system-reservoir coupling, which was re-
quired for the previous treatments33,35,36, is not neces-
sary in this case. Our results are consistent with the
numerical results by Shirai et al.39 and do not require
the special condition which Shirai et al.39 assumed.
4FIG. 1. The occupation number of the Floquet states for the
model (10) (ωc/Ω = 5, red dashed line; ωc/Ω = 1, yellow
dashed line; ωc/Ω = 0.5, green dashed line; ωc/Ω = 0.3, blue
dashed). The blue solid line represents the Fermi distribution
function and the temperature is taken as T/Ω = 0.01.
C. Example
Here, we show an example of the model we discussed
above. We consider the following fermionic toy model:
HS(t) =
∑
α
Hα(t)
Hα(t) = (Eα +Ω)a
†
α,1aα,1 + Eαa
†
α,2aα,2
+∆(e−iΩt+iθa†α,1aα,2 + h.c.)
(10)
In this example, we can eliminate the time dependence
of the Hamiltonian by the time-periodic unitary trans-
formation W (t) =
∏
α exp[iΩnα,1t]. The quasi-energy of
the system is given by ǫα,± = Eα ±∆, and the contribu-
tion from the nth sideband can be obtained as follows:
Γnα,± =


D(ǫα,±)|λα,2(ǫα,±)|2/4π n = 0
D(ǫα,±)|λα,1(ǫα,±)|2/4π n = −1
0 n 6= 0,−1.
(11)
Because W (t) only contains n = 0,−1 Fourier com-
ponents, there are no contributions from sidebands ex-
cept for n = 0,−1 sidebands. We consider the case
where the system-reservoir coupling is independent of
the index j (i.e. λα,j(ω) = λα(ω)) and D(ω)λα(ω) =
Cα exp[−(ω/ωc)2], where ωc is the energy cutoff of the
system-reservoir coupling. The occupation number of
the Floquet states cα,± = (aα,1 ± e−iθaα,2)/
√
2 in the
asymptotic state is shown in Fig 1. We can observe
that the difference between the occupation number of
the Floquet state and the Fermi distribution function
gradually becomes small as ωc/Ω decreases. The devia-
tion from the Fermi distribution function is small in the
range ǫα,± < −T because n = 0,−1 sidebands only con-
tribute to the occupation number, that is, the occupa-
tion number of the Floquet state is written by the sum
of fT (ω) and fT (ω − Ω), and fT (ω) ≃ fT (ω − Ω) ≃ 1
when ω < −T . As we discussed above, when the energy
cutoff of the system-reservoir coupling is smaller than the
frequency of the external field (see the blue dashed line),
the deviation of the occupation number in the region (i)
(i.e. |ǫα,±| < ωc) from the Fermi distribution function
becomes small.
IV. RESULTS FOR FINITE
SYSTEM-RESERVOIR COUPLING
So far we have focused on the general properties of
the periodically driven open systems under infinitesimal
dissipation. Let us now investigate the finite-dissipation
effect. Especially, we consider the case where there are
no energy cutoffs in the reservoirs to investigate the pure
dissipation effect. When the dispersion of the reservoir
is linear ǫk = uk without cutoff (u is the velocity) and
the system-reservoir coupling is independent of the wave
number λk,α = λα, eq. (4) becomes Markovian
44:
i
d
dt
aα(t) =
∑
β
(Hαβ(t)− iΓαβ)aβ(t) + iξα(t), (12)
where Γαβ = λ
∗
αλβ/2u and ξα(t) is the same noise
term as the previous one. We can solve this differen-
tial equation by the Floquet theorem without restriction
of the weak system-reservoir coupling limit. The Flo-
quet theorem guarantees the existence of a set {|ψα(t)〉}
of solutions of the time periodic Scho¨dinger equation
id/dt |ψ(t)〉 = (H(t) − iΓ) |ψ(t)〉 which can be written
as |ψα(t)〉 = e−(iǫα+γα)t |uα(t)〉 , |uα(t+ τ)〉 = |uα(t)〉,
where ǫα and γα are real and we can take |ǫα| < Ω/2.
The time periodic part of the wave function |uα(t)〉 sat-
isfies (H(t) − iΓ − id/dt) |uα(t)〉 = (ǫα − iγα) |uα(t)〉 .
Because the operator H(t)− iΓ− id/dt is not Hermitian,
we also define the left eigenstate 〈u†α(t)|. Then, the oc-
cupation number of an arbitrary basis of the system is
obtained as,
〈a†α(t)aα(t)〉 =
∑
α′,β′
∑
k,k′∈Z
〈aα|uα′(t)〉 〈uβ′(t)|aα〉 ei(k−k
′)Ωt
×
∫
dω
π
〈u†(k)α′ |Γ|u†(k
′)
β′ 〉 fT (ω)
(ω − ǫ(k)α′ + iγα′)(ω − ǫ(k
′)
β′ − iγβ′)
,
(13)
where |u(n)α 〉 , |u†(n)α 〉 are the nth Fourier coefficients of
|uα(t)〉 , |u†α(t)〉 and ǫ(n)α = ǫα + nΩ. The formula (13)
is exact and applicable for any Ω and Γ. If we take the
weak system-reservoir coupling limit γα → 0, eq. (13) is
reduced to eq. (8).Therefore, the expression (13) is an ex-
tension of eq. (8) to the case with finite-dissipation effect.
When H(t) is time independent, |u(n)α 〉 = |u†(n)α 〉 = 0 for
n 6=0. Therefore the formula (13) can be interpreted as
that for an equilibrium system which has an infinite num-
ber of energy bands {|u(n)α 〉 , ǫ(n)α } except for the phase
factor e−ikt. These energies are broadened by the width
γα, but the states in the different sidebands are not or-
thogonal even though the system-reservoir coupling is
taken as zero. Namely, different sidebands are not in-
dependent but just duplicated41.
5To simplify the analysis, we consider the high fre-
quency regime of the external driving. We take the initial
temperature as zero. Both the system-reservoir coupling
and the energy difference between the different sidebands
is much smaller than the frequency of the external driv-
ing. The corresponding conditions read:
γα
Ω
,
γα
minα,β |Ω− (ǫα − ǫβ)| → 0. (14)
If the first condition is satisfied, the second is also satis-
fied when the Magnus expansion applicable. The second
condition means that the overlap between the different
sidebands which is caused by the width γα vanishes. In
this limit, the occupation number can be obtained as,
〈a†α(t)aα(t)〉 =
∑
α′,β′
〈aα|uα′(t)〉 〈uβ′(t)|aα〉
×
∫
dω
π
Γ
(0)
α′β′fT=0(ω) + Γ
(−)
α′β′
(ω − ǫα′ + iγα′)(ω − ǫβ′ − iγβ′)
(15)
where Γ
(k)
αβ = 〈u†(k)α |Γ|u†(k)β 〉 and Γ(−)αβ =
∑
k<0 Γ
(k)
αβ . We
can consider that the second term Γ
(−)
αβ in eq. (15) repre-
sents the excitation from the T = 0 state because there is
only 0th sideband when H(t) is time independent. When
we use the Magnus expansion to obtain the quasienergy
spectrum of the system, Γ
(−)
αβ = O((A/Ω)
2), where A is
the amplitude of the external driving34. This is of the
same order of magnitude as the contribution from the
sidebands to the occupation number in the weak system-
reservoir coupling limit, thereby implying that we cannot
suppress excitations by simply considering a stronger dis-
sipation. This is because the high energy excitations can
be created through the reservoir by the external driving.
V. SUMMARY
To summarize, we have investigated fundamental prop-
erties of periodically driven open quantum systems,
which are independent of the detailed nature of the reser-
voir, and the finite dissipation effect particularly focusing
on free fermionic systems. We have revealed the following
two properties. (i) Low-energy properties are equivalent
to those of the Floquet Gibbs state when the frequency
of the external driving is much larger than the energy
cutoff of the system-reservoir coupling even though there
is no fine tuning of the system-reservoir coupling. (ii)
Finite system-reservoir coupling cannot suppress the ex-
citations in the system because external drivings can cre-
ate the excitations through the reservoir if the frequency
of the external driving is smaller than the energy cutoff
of the system-reservoir coupling. Therefore, the external
driving whose frequency is larger than the energy cutoff
of the system-reservoir coupling is required to obtain the
thermodynamic properties of a effective Hamiltonian.
As further studies, clarifying the general feature of
asymptotic states of the periodically driven open many
body quantum systems and non-Markovian quantum sys-
tems is an intriguing and important problem as we have
investigated Markovian free fermionic systems in both
infinitesimal and finite system-reservoir coupling cases.
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Appendix A: Derivation of eq. (8)
We here derive the occupation number and the time correlation functions of the Floquet state in the weak system-
reservoir coupling limit. The solution of eq. (6) is eq. (7):
cα(t) =
∑
k,β
∑
n∈Z
1√
L
U
(n)†
αβ (λk,β)
∗e−i(ǫk−nΩ)t
ǫk − (ǫα + nΩ) + iΓ′α(nΩ− ǫk)
Ak (A1)
Γ′α(ω) =
∑
n∈Z
∫ ∞
0
dtΓnnαα(t)e
i(ω−nΩ)t (A2)
Then, the time correlation function of the Floquet state is written in the following way:
〈c†α(t)cβ(t′)〉 =
∑
n,m∈Z
∫ ∞
−∞
dω
fT (ω)Γ˜
mn
βα (ω)e
iω(t−t′)+imΩt′−inΩt
(ω − (ǫβ +mΩ) + iΓ′β(mΩ− ω))(ω − (ǫα + nΩ)− iΓ′∗α (nΩ− ω))
(A3)
Only the n = m and α = β terms contribute to eq. (A3) in the weak system-reservoir coupling limit (λ→ 0) because
we assumed the nondegeneracy and nonresonance (ǫα − ǫβ + nΩ = 0⇔ α = β, n = 0) in the derivation of eq. (A1).
6Therefore, we obtain the following expression:
〈c†α(t)cβ(t′)〉 =
∑
n∈Z
∫ ∞
−∞
dω
fT (ω)Γ˜
nn
αα(ω)e
i(ω−nΩ)(t−t′)
|ω − (ǫα + nΩ) + iΓ′α(nΩ− ω)|2
δα,β
=
∑
n∈Z πΓ˜
nn
αα(ǫα + nΩ)fT (ǫα + nΩ)e
iǫα(t−t′)
Re[Γ′α(−ǫα)]
δα,β
(A4)
We here applied the relation
lim
δ↓0
∫ ∞
−∞
dω
π
δ
ω2 + δ2
F (ω) =
∫ ∞
−∞
dωδ(ω)F (ω) = F (0). (A5)
By utilizing the property Γnnαα(ω) > 0, we can prove the relation Re[Γ
′
α(−ǫα)] = π
∑
n∈Z Γ˜
nn
αα(ǫα+nΩ), then we obtain
the following expression:
〈c†α(t)cβ(t′)〉 =
∑
n∈Z Γ˜
nn
αα(ǫα + nΩ)fT (ǫα + nΩ)∑
n∈Z Γ˜
nn
αα(ǫα + nΩ)
eiǫα(t−t
′)δα,β (A6)
We can obtain the other time correlation functions in the same way and they have the same structure as eq. (A6).
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